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1 Introduction

Chiral Perturbation Theory (ChPT) [1-3] as effective field theory (EFT) for QCD is a very
well established method within strong interaction phenomenology. The same method can
also be used for different symmetry pattern cases. These can be of interest for theories
beyond the standard model. Early papers in this context are the technicolor variations
discussed in [4-6]. Recently lattice calculations have started to explore some of these
cases, some recent references are [7]. While one is primarily interested in these theories
in the massless limit, lattice calculations are performed with finite masses and the results
thus need to be extrapolated to zero mass. For these extrapolations EFT is an excellent
tool and it is heavily used in fitting results for the pseudoscalar meson octet in the QCD
case. For high precision fits it is needed there to go to next-to-next-to-leading-order in the
ChPT expansion.

When writing the EFT relevant for dynamical electroweak symmetry breaking one
needs to consider different patterns of spontaneous breaking of the global symmetry than
in QCD. The resulting set of Goldstone Bosons, or pseudo-Goldstone bosons in the presence
of mass terms, is thus also different. The low-energy EFT is thus also different.

In this paper we only discuss cases where the underlying strong interaction is vectorlike
and all fermions have the same mass. Here three main patterns of global symmetry show
up. A thorough discussion of these cases at tree level or lowest order (LO) is [8]. With
a gauge group with Np fermions in a complex representation we have a global symmetry



group SU(Np)r, x SU(Np)g and we expect this to be spontaneously broken to the diagonal
subgroup SU(Ng)y. This is the direct extension of the QCD case. For Np fermions in
a real representation the global symmetry group becomes SU(2Np) and is expected to
be spontaneously broken to SO(2Np). In the case of two colours and Np fermions in
the fundamental (pseudoreal) representation the global symmetry group is again SU(2Np)
but here is expected to be spontaneously broken to an Sp(2Npg) subgroup. Some earlier
references are [9-11]. The complex case was treated to next-to-leading-order (NLO) in [3]
in general and for the quantities considered here in [12]. The pseudo-real case has been
done to NLO in [13]. We repeat here both calculations and also extend the third, real, case
to NLO by calculating the full infinity structure for all three cases at NLO and giving the
NLO Lagrangian.

In addition we also go to NNLO for three explicit quantities, the vacuum-expectation-
value, the meson mass and the meson decay constant in the equal mass case. These
formulas are our main result. We expect that the NNLO Lagrangian for all cases will be
a simple generalization of the one for the complex case given in [14] but the calculation
of the general divergence structure, though in principle similar to the one in [15], we have
not performed.

In the remainder of this paper we refer to the complex representation case as QCD, the
real representation case as adjoint and the pseudo-real case as two-colour or N, = 2. We
first discuss in section 2 the three different cases at the underlying fermion (quark) level.
Here we introduce explicit external fields as done in [2, 3]. Section 3 introduces the LO and
NLO effective field theory and we do this using the general formalism derived in [16]. This
allows to see how similar the calculations for the three cases are. In section 4 we derive
the divergent part at NLO and in section 5 we calculate the NNLO result for the meson
mass, meson decay constant and vacuum expectation value. In section 6 we summarize
our results.

2  Quark level

This section shortly introduces the quark-level Lagrangian giving the gauge groups and
showing how the condensates can be written in the more general cases. A more extensive
version of this discussion can be found in [8] and the earlier references [9, 11]. We remind
the reader that we only consider cases with an underlying simple vector gauge group and
we assume confinement and the formation of a condensate.

We use the notation ¢r and ¢y, for the right- and left-handed fermions respectively.
Gauge indices we usually suppress and flavour indices will be indicated when needed.

2.1 QCD

This is the usual case where the fermions are in a complex representation of the gauge
group. With flavour indices ¢ the fermion part of the Lagrangian enhanced by external
fields is given by
L = Griv"Duqri + GritY* Dyuqri + Qi lwijqry + Qri" ' muijar;
~TmMijar; — TniMlar; - (2.1)



The covariant derivative is given by D,q = 0, —iGq.

When the external fields vanish there is a SU(Np)r x SU(Np)gr symmetry in the
first two terms which is spontaneously broken to the diagonal subgroup SU(Ng)y. This
symmetry can be made local by adding the external fields with the transformations g7, x
JgRr € SU(NF)L X SU(NF)R:

qr — 9L4L, 4R = YRR, M = grMg},
l,— ngugE + igLﬁﬂgE, Ty — gRrﬂgTL + z'gB@ﬂg}[2 . (2.2)
We have here written q7, and ggr as column vectors in flavour and the external fields [,,, r,

and M = s — ip as matrices in flavour.
For later use, we define the big, 2Np, columnvector

5 4r
() .
4L
and the big, 2Np x 2Np, matrices

T 0 A 0o M ~ [ 9Rr 0

In terms of these the symmetry transformation can be written as
G—9q. V= gVug' +igdugt. M- gMg'. (2.5)

Note that the symmetry group is not made larger since ¢ contains objects that have different
Lorentz properties.

The formation of a flavour neutral condensate (gq) = (Grqr) + h.c. breaks the full
symmetry spontaneously to the diagonal subgroup SU(Npg)y

2.2 Adjoint

If the fermions are in the adjoint representations we can write down a similar Lagrangian
as above

L = tre (Griiv" Duqri) + tre (@i Duqri) + tre (Qriy"luizars) + tre (Qriy*ruijar;)
—tre (riMijar;) — tre (GuMIﬂRj) : (2.6)

tr. (A) means a trace over the gauge group indices and the fermions are a matrix rather
than a vector in the gauge group indices and D,,q = 0,q —iG,q +iqG ). Here we have the
same transformation for the conjugated fermions, D,q = 0, — iG,q + iqG, with § = qf~0
and the Hermitian conjugate also means that the two gauge-indices are transposed. The
symmetries discussed here exist in principle for any real representation for the fermions,
not only the adjoint one.

We define the matrix C' = i7?4" and we can define a new fermion field



The transpose in (2.7) works on the Dirac (and later also flavour) indices but not on the
gauge indices. The field ¢gr; has the same transformation properties under the gauge group
as qr and is also a right-handed fermion.! In terms of the big matrices

. [ ar ~  fry O N 0o M 5
q_<q}z>’v“_<0—z§> M_<MT0>' (2:8)

The Lagrangian (2.6) becomes
= u R = ux\r 4 1 =~ 2L 1 T~ Nt 2
L = tr, (qz*y Duq) + tr, <q'y quj> — §trc (qC./\/(q ) — §trc <q CM q) ) (2.9)

The Lagrangian (2.9) has clearly a larger symmetry group, SU(2Np) as compared to QCD
case above when we extend the external fields to the full matrices and have as symmetry
transformations:

q— 44, Vi— gVug' +igougt, M — gMgT. (2.10)

The Vafa-Witten argument shows that also in this case the vector symmetries remain
unbroken. We expect again a flavour neutral vacuum condensate (tr.(gq)) which can be

written as (tr. ((jTCJS(j)> + h.c. with
01
Jg = 2.11
g <1 0) (2.11)

and I the Np x Ng unit matrix. This condensate breaks the the symmetry group down
to SO(2N F)

2.3 N.=2
The fundamental representation of SU(2) is pseudo-real. The Lagrangian enhanced with
external fields reads
L =GV Dpqri + QritY" Dugri + Qo luigary + Qe ruijqr;
—qriMijar; — GLiM;erRj : (2.12)

The covariant derivative is given by D,q = 0, —iGq.
We can define a field ¢r as in the previous section via

(Rai = €apCTq1pi (2.13)

with «a, 3 gauge group indices, €19 = —€g; = 1, €11 = €29 = 0 and C = iy?~Y as defined
before. The field ¢r is a right handed-handed fermion that transforms as the fundamental
representation of SU(2).

!"'We have chosen right-handed rather than left-handed in order to end up with transformations for fields
that look most like those for the QCD case in [2, 3].



In terms of the big matrices

~ 4dRrR S Tu 0 o 0o —-M
()i (5%) se( ) e

The Lagrangian (2.12) becomes
= u A 2 UYr A 1- ~ =T 1, T A
£ =qin"Dpg + 7" Vuldrj — 54aCeapMis — 5dacasCM g5 (2.15)

This has again much larger symmetry group, SU(2Np) as compared to QCD
case above when we extend the external fields to the full matrices and have as
symmetry transformations:

Q= 9d, Vi—gVug' +igdug’. M —gMg". (2.16)
The Vafa-Witten argument shows that also in this case the vector symmetries remain

unbroken and we expect again a flavour neutral vacuum condensate (gg) which can be
written as (Ga€agCJads) + h.c. with

Ja = <(1) —01> (2.17)

and I the Np X Npg unit matrix. This condensate breaks the the symmetry group down
to Sp(2Np).

3 Effective field theory

In this section we will show how the three cases can be brought into an extremely similar
form. That will allow to take over directly much of the technology developed for the
QCD case to the other cases. We assume the reader to be familiar with ChPT and EFT.
Introductions can be found in [17]. We will use the terminology LO, NLO and NNLO for
the usual powercounting of order p?, p* and pS.

3.1 QCD

The Goldstone bosons from the spontaneous symmetry breakdown live in the space of possi-
ble vacua. For QCD and generalizations this is in the form of a nonzero vacuum condensate

(rjqri) = %@D% : (3.1)

This vacuum is left unchanged by the vector transformations with g, x gr € SU(Np)p X

SU(Nr)r and g1, = gr. The unbroken symmetry is SU(Ng). The broken symmetry part
of the group are the axial transformations wit gr = 92 = u, they rotate the vacuum into

1
<quQRi>rotated = §<GQ>U1] (32)



with U = gRgTL = u2. The special unitary matrix U describes the space of possible vacua

and varies under the symmetry as
U — grUg! . (3.3)

This matrix U can be used to construct the Lagrangians as was done in [3]. The covariant

derivative on U is defined as

D, U = 0,U —ir,U +iUl,. (3.4)
The lowest order Lagrangian is
F2
L=—(Dy UDFUT + xUT + Ux1Y, (3.5)

with x = 2BypM and (A) = trr (A) This has the full global symmetry as can be checked
using the transformations (2.2) and (3.3). In terms of the pion fields 7% the matrix u can

= exp ( \/;FW‘IT“> . (3.6)

The T are the generators of SU(Np) and normalized as trp (T“Tb) = 0%,
Let us now do the same analysis using the general formalism (CCWZ) [16]. We only

be parametrized as

look at the properties in the neighbourhood of the unit matrix here. For the perturbative
treatment we do here that is sufficient. The global symmetry group G has generators T¢
which are split up in a set of conserved generators Q% and broken generators X®. The Q¢
generate the unbroken symmetry group H while the generators X generate in a sense the
manifold of possible vacua, the quotient G/H . We must now find a way to parametrize
the manifold G/H and define covariant derivatives in general. The manifold G/H and the

group H we parametrize with
u=exp (10" X") € G/H, h = exp (ie*T*) € H (3.7)

The symmetry transformation we define using the property that any group element ¢’ can
be written in the form

§ =1h, (3.8)
where both @’ and h are unique and of the form (3.7). The symmetry transformation on @

by a group element § € G is defined as
i — gah! (3.9)

where h is the h of (3.8) needed to bring §’ = §@ in the standard form (3.8). Note that h
is a nonlinear function of both 4 and §. It is sometimes called the compensator.

The covariant derivatives are defined by using the fact that any variation §ég' is an
element of the Lie algebra and can be written as a linear combination of the generators
The same is true for § <6 — zVH) g" if we include external fields V transforming as V —

gVHgJr + zgaugf. We define [16]

i (0= iV)a=Ty—Lay,  Tu=THQ", = ufX", (3.10)



ie. IA’H is in the conserved part and 4, in the broken part of the Lie algebra. The transfor-
mation under the group G can be derived from (3.8) and is

A

T, — AU AT+ hoht,  a, — ha,ht. (3.11)

1, can be used to construct Lagrangians and covariant derivatives on objects ¢ transform-
ing as 1) — hip are defined as

Vb = b + T (3.12)

It can be checked that @,ﬂb — iL@,ﬂ/}. The external fields appear as (axial) vector fields Vu
and (pseudo) scalar fields M. The external fields ‘A/M show up in #,, covariant derivatives

@u and field strengths VW = (%VV —(9,,Vu —1 [VH, f/l,] . The latter can be made to transform
simpler by defining the objects

fow = @Vt — hfu,ht. (3.13)

% =af Ma — hyht. (3.14)

If there exists extra discrete symmetries like parity (P) that leave the unbroken part of
the group invariant objects O like f;w can be split into pieces that are independent via
Oi =0&xP (O)

In the effective field theory for QCD in terms of Ng x N matrices the notation usually
used has the objects with the associated symmetry transformations:

U = exp <\/%F7TGTG> — gruhl = hugTL,
1

I =3 (! (@ = ir)u + (@ — l)ut) — AUAT + ihd,hT
Uy =1 <uT(3M —iry)u —u(0, — lu)uf) — huyht
v,.0 = 9,0 +T,0—-0r, — hV,0ht for O — hOhT,
x+ = ulxu £uxu — hyxeh',
o = uquJr + uTrWu. — hfiWth (3.15)

l,, and 7y, are the field strengths from [, and r,. T are the SU(NNr) generators. These
can be related to the general objects defined in the CCWZ way via

R u 0 . u, 0 . r, 0
_ _ S S O 3.16
' <OUT), u“ <0 _“u> ' <0 Fu) )

x+ and fiW are constructed from y and fW using parity. These objects have been used
to construct the NLO Lagrangian and the NNLO Lagrangian [14]. One of the nontrivial
relations used there was

Vouuy, —Vou, = —f_ . 3.17
ju i 0



In this notation the lowest order Lagrangian is

F2
Lo = I(uuu“ + X+) - (3.18)

The NLO Lagrangian derived by [2] reads (here in the version for arbitrary Np)
Ly = Lo(u"u"uyuy) + Li(ufuy) (uu,) + Lo(ulu”) (uy,uy) + La(ufu,uu,)
1
+Ly(utu,) (x4 ) + Ls(uuux4) + Le(x4 ) + Lr{x—)* + §L8<X3- +x2)
) 1
_ZL9<f+;u/wuuy> + ZL10<f<2F - fz> + Hy <l;wl'uy + Tuu"“'uy> + Ho <XXT> . (3'19)

3.2 Adjoint

The vacuum in this case can be characterized by the condensate
(6 Cay) = S (aan) sis- (320)
Under the symmetry group g € SU(2Np) this moves around as
Js — gJsg’ . (3.21)

The unbroken part of the group is given by the generators Q® and the broken part by the
generators X* which satisfy

JsQ% = —Q T Jg, Jg X =XTJg. (3.22)

Just as in the QCD case we can now construct a rotated vacuum in general by using the
broken part of the symmetry group on the vacuum. This leads to a matrix?

7

U =uJsu® Uqg” with uzex( 7TaXa>. 3.23
su’ — gUg P\ &7 (3.23)

The matrix u transforms as in the general CCW Z case as
u — guh'. (3.24)

The earlier work used the matrix U to describe the Lagrangian [8]. Here we will use the
CCWZ scheme to obtain a notation that is formally identical to the QCD case. We add full
2Np x 2N matrices of external fields V, and M. We need to obtain the I', and u, parts
of uf (8, — iV,,) u. Here several observations are useful. Egs. (3.22) have as a consequence
that matrices like u satisfy

uJg = JSuT ,Jsu = uTJS . (3.25)

2In section 3.1 we added a hat to many quantities to distinguish the Ng x Nr and 2Nr X 2N matrices.
This is not needed here and we only keep the hat explicitly on M.



A general matrix F' can be split two parts, one behaving as the broken part, the other as
the unbroken part of the group generators. i.e.

F=F+F,
FJg = —JsF", FJg=FTJg,
— 1
F=2(F- JsFTJs) |
.1
F=z (F+ JsF"Js) . (3.26)

This means that we obtain
uy =i <uT(8ﬂ —iVy)u —u(d, + iJSVfJS)uT) ,
1
Lu=3 (m(au — iV, )u+u(y + TV Js)uf) . (3.27)

Here we used the properties (3.25). With these quantities we can construct covariant
derivatives and Lagrangians. The formal similarity to the QCD case is obviously there if
we also use for the vector external fields

lh=—JsV]Js, ru=V,. (3.28)

The analogy goes even further since v, = r,+1, corresponds to the currents from conserved
generators and a, = 1, —[, to the currents from the spontaneously broken generators. The
equivalent quantities to the field strengths are

f:l:uu = JSUVW/UTJS + UVMUUT (329)
with V,,, = 0,V, — 9,V, —i(V,V, — V,,V,,) and for the mass matrix

X+ = ququrTJS + JsuTXTu
= ulxJsu" + usxu, (3.30)

with x = 2ByM. The Lagrangians at LO and NLO have exactly the same form as (3.18)
and (3.19) but now with u,, x+ and fi,, as defined in (3.27), (3.29) and (3.30).

3.3 Two colours

The vacuum in this case can be characterized by the condensate <(j£iCea5(jgj> =
%@LqR)JAij. Under the symmetry group g € SU(2Npg) this moves around as Jy —
gJag" . The unbroken part of the group is given by the generators Q% and the broken
part by the generators X¢ which satisfy JA4Q® = —Q'Jy, JaX* = X J,. Just as in
the QCD and the adjoint case we construct a rotated vacuum by using the broken part of
the symmetry group on the vacuum. This leads to a matrix® U = uJu? — gUg? with

77 X") The matrix u transforms as u — guh! Ref. [8] used the matrix U to

U = exp

3 The formulas in this subsection are almost identical with those in the previous subsection but J% = —1
while JZ = 1. We have put in those by introducing J% rather than J, in a few places.



describe the Lagrangian. Here we use the CCWZ scheme. We add full 2N x 2N matrices
of external fields V,, and M and then need to obtain the I'), and u, parts of ul (Op — iV, .
Matrices like u satisfy uJ4 = Jau? and Jau = vl Jy.

A general matrix F' can be split two parts, one behaving as the broken part, the other
as the unbroken part of the group generators. i.e.

F=F+F, FJy=—JaF, FJT = FTj,,

F= % (F—JaFTJ}) , F % (F+ JuaFTJY) . (3.31)

Using this, we obtain
= i (m@ — iV, )u — u(y + iJAVE TS )uT) ,
1
=3 (uT(a“ — iV )+ u(@y + iTaVE Tl ) . (3.32)

Covariant derivatives and Lagrangians are constructed as above. The formal similarity to
the QCD case is once more obviously if we use for the vector external fields

Lh=—JaV]Ih, =V, (3.33)

Again v, = 7, +1, corresponds to the currents from conserved generators and a, =, —1,
to the currents from the spontaneously broken generators. The equivalent quantities to
the field strengths are

frw = JAuVWuTJle + uVWuT (3.34)

with V,,, = 0,V, — 9,V, —i(V,V, — V,V,,) and for the mass matrix
xt+ = uxuT T + Jaul xTu = ulxyJiu" £ udaxTu, (3.35)

with y = 2By M. The Lagrangians at LO and NLO have exactly the same form as (3.18)
and (3.19) but with w,, x+ and fi,, as defined in this subsection.

4 The divergence structure at NLO

When going beyond tree level renormalization becomes necessary. A thorough discussion
of renormalization in ChPT at NNLO can be found in [15, 18]. We use here the same
conventions and subtraction procedure. This means that the NLO LECs are replaced by

Li = (ep)™* [0 + L ()] (4.1)

with A = 1/(167%(d — 4)) and Inc = —[ln4r + (1) + 1]/2. The constants T'; were
calculated for the QCD case in [3]. The same method can be generalized to the case here.
The calculation is extremely similar for all three cases. The method is the same as the one
in [3]. We split u in a classical and a quantum part

u=u.el with &= Zg“X“. (4.2)

,10,



The second variation w.r.t. £ of the LO Lagrangian can be rewritten in the form

F2

L= (dugmarer — g5’ (4.3)
with d,£* = 0, + fzbgb. The divergence at one-loop level is given by [3]
1 1~ = 1
s —Pab Pba,ul/ - ~ab~b ) 4.4
1672(d — 4) (12 pot T ooba (44)

Notice that the indices here run over the broken generators and f’fﬁ/ = Qj,‘ib - 8yfzb +
Pacpeb _ Tacteh
riery — rpery.

The expansion for all three cases is identical and leads to

rar = —trp (X7, X" |

w
~ab __ _1 a b I l a b, 1
av = 8trF {X* X7} (x4 + upu) +2trF X%, X ul) . (4.5)
The difficulty in evaluating (4.4) is now rewriting the sums over broken generators into
traces over the original matrices wuy,,.... In the QCD case, the X are SU(Nr) generators
and one can use the formulas with the trp (4) going from 1,..., Np.
QCD :
1
trp (XaAXaB) = trp (A) trp (B) - N—tI“F (AB) ,
F
1
trp (XaA) trp (XaB) = trg (AB) — N—tI‘F (A) trp (B) . (46)
F
There exist similar formulas for the adjoint case now with trp (A) going from 1,...,2Np.
Adjoint :
1 1 1
trp (XCAXB) = —trp (A) trp (B) + —trp (AJsBT Jg) — trp (AB) |
2 2 2Np

1 1 1
trp (X?A)trp (XB) = EtrF (AB) + §tI'F (AJsBTJs) — 5N trp (A) trp (B) . (4.7)

F

The equivalent formula for the two-colour case is [13], again with trp (A) going from
1,....2Np.

2 — colour :

trp (XTAXOB) = %uF (A)trp (B) + %uF (ATABT )

QNFtrF (AB)

trp (A) tre (B) . (4.8)

1 1
trp (X" A) trp (XB) = Strp (AB) — Strp (AJaBT J4) — N

In all three cases these lead to
fZ?/ = —trp ([XaaXb]F;w) . (4.9)

Repetitive use of these identities allows to rewrite (4.4) in the form of (3.19). These
divergences are then absorbed into the redefinition of the NLO LECs (4.1). The needed
constants I'; for the three cases are given in table 1. We agree with [3] for the QCD case,
have a small discrepancy with [13] for the two-colour case, our coefficients for I'y are I's
are different. The adjoint case is obtained here for the first time.

— 11 —



i QCD Adjoint 2-colour

0 Np/48 (Np +4)/48 (Np —4)/48

1 1/16 1/32 1/32

2 1/8 1/16 1/16

3 Np /24 (Np —2)/24 (Np 4 2)/24

4 1/8 1/16 1/16

5 Npr/8 Nr/8 Nr/8

6 | (N2 +2)/(16N3) | (N2 +1)/(32N3) (NZ +1)/(32N3)

7 0 0 0

8 | (N2 —4)/(16Np) | (N2 + Np —2)/(16Np) | (N2 — Np —2)/(16Np)
9 Np/12 (Np+1)/2 (Np —1)/2

10 —Np/12 —(Np+1)/2 —(Np—1)/2

1 —NF/24 —(NF+1)/4 —(NF+1)/4

2 | (N2 —4)/(8Nr) | (Np+Np —2)/(8Np) | (N2~ Np —2)/(8Nr)

Table 1. The coefficients I'; for the three cases that are needed to absorb the divergences at NLO.
The last two lines correspond to the terms with H; and Ho.

5 The calculation: mass, decay constant and condensate

In this section we calculate the corrections to the vacuum expectation value, the meson
mass and the decay constant. The calculations in the work on three-flavour ChPT were
done using FORM [19] and in the loops an explicit sum over all possible particles was
always implemented. For this work we have rewritten the flavour routines used in that
work to use a general sum over the flavour indices and since we always calculate in the
case where M = diag(r, ..., m) we then use the trace formulas of the previous section to
perform the sum.

We have checked that our calculations reproduce all the known results and for the
QCD case that all infinities cancel when the NNLO divergence of [15] is used. For the
adjoint and two-colour case we observe that the nonlocal divergence cancels as it should.

The diagrams for the vacuum expectation value are shown in figure 1. The lowest
order is the same for all three cases

@0)o = > (@riqri + Triqridro = —NpBoF>. (5.1)
i=1,Np

We use M? as notation for the lowest order meson mass

M? = 2By (5.2)
and in addition the function
— M? M?
AM?) = ——— log —. 5.3
( ) 167’(’2 0g MZ ( )

The integrals needed at the two-loop level are evaluated with the methods of [20] and they
can all be expressed in terms of A(M?).

- 12 —



(e) (f) () ()

Figure 1. The diagrams up to order p® for (gg). The lines are meson propagators and the vertices
are: o a p? insertion of g, ® a p* insertion of gg, ® a p® insertion of ¢, e a p? vertex and x a
p4 vertex.

We express the final result as

(@a) = (@9)ro + (@a)~xLo + (@g)NNLO - (5.4)
The individual parts can be written in terms of logarithms and analytic contributions as

AM2) M
2 TWE )

A(M*)?  MZA(M? M*
({@g)nnro = (@9)ro (CV (F4 ) + F(4 ) (dv - %) + 51 <fv + %) > . (5.5)

(@g)nLo = (@9)ro <av

The coefficients for the three cases are given in table 2. Note that we use the same notation
for the LECs in the three cases but they are different LECs and in addition different
for different values of Np. The infinite parts can be absorbed in the NNLO Lagrangian
coefficients by writing

o= (40 (7 =10 - (gt 410 ) ) (56)

The subtractions needed for the QCD case have been derived in general before in [15]. The

,13,



QcD.

by 16Ny LE + SLE + AH}
. TN
dy —24 (N2 - 1) (Lg — 2L + R (L~ 2Lg))
ey 1- ]\}2
fv 48 (K35 + NpKjg + NpK3;)
gv 8 (Np—1) (I — 2L + - (L5 - 2L)))

Adjoint

1

ay NF —|— 5 — m
by 32Np L + SLL + AH}
cv 3(- 1+———+2NF>
dy | —12 (2N% + Np — 1) <2L7" AL+ 52 (L5 — 2L7))
ey (1———|—N——2NF)
fv VA
gv | 42N+ Np—1) (2L - 4Lf + 5= (L] — 2L7))

2-colour

1 1
ay Nr =3~ o,
by 32Ny Li + 8L, + AH}
3 1 2
cv g(—1+N—%+N——2NF>
dy | —12 (2N2 — Np — 1) <2L7“ AL+ (L5 - 2L3) )
1 1

fv TV
gv | 4(2NE - Np - 1) (205 - AL + 5= (Lf — 21))

Table 2. The coefficients ay, ..., gy appearing in the expansion of the vacuum expectation value.

adjoint and two-colour case can be made finite by the following:

3 1 1
r? = 21— 29— 9N
VAT 95 ( N2 + Np F) ’
1
r") = 24 (2N} + Np — 1) <2L§; —4AL§ + (L4 —2Lg)> ,
F

1
I, =

1 1
l—— —2— 49N
( N2 Ny F>

Tt — 24 (2N2 — Np — 1) <2L4 AL+ 5 (L?“ 2Lg)> ,

2
Ny =

ol @

ri) = o. (5.7)
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—_— X

O
o I
S

Figure 2. The diagrams up to order p® for the meson self energy. The lines are meson propagators
and the vertices are: e a p? vertex, x a p* vertex and a crossed box a p® vertex. The diagrams for
the decay constant are the same with one external meson leg replaced by an axial current.

This result agrees at NLO with [12] for the QCD case and [13]* for the 2-colour case. It
also agrees for Np = 3 at NNLO with [21, 22]. The remaining results are new.
We perform the expansion of the physical meson mass to the same order. The physical

mass can be written as

M2 = Mo + Mo + Minio - (5.8)

The lowest order was already given in (5.2) and is the same for all three cases. The two
higher orders can be expanded in logarithms and analytical contributions via

A(M?) M2> ’ (5.9)

Mo = M? <CLM IR

A(M?)?  MPA(M?) em M* am hor
2 _ 2
Mnvo = M (CM ot \ W g )T \ I e Y e ) )

The mass can be calculated by finding the zeros of the inverse propagator, see e.g. the
discussion [23]. The relevant one-particle irreducible diagrams are shown in figure 2. The
coefficients for the three cases are given in table 3. The subtractions needed for the QCD

case have been derived in general before in [15]. The adjoint and two-colour case can be

4Those authors used a different normalization for F. Ours corresponds to Fr ~ 93MeV for the QCD
case and N, = 3.
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QCD

T

apnr _N_F
b 8Np (2L5 — L}) + 8 (2L5 — L)
M —3+ 21\971% +3NE
dyr 8L’"(——+NF)+8L7"( 14 2N2) +4L5(4+ N3) + Ly(— 5 +20NF)
+L75(40 — 16N2) + L (3~ 16NF) + Li(—16 + 16N2) + LT( N + 32Np)
(S ‘|‘ N2 + 19N2
fm —32K7, — 16K{9 16K53 + 48K + 32K,
+Np (=32K7s — 16 K5, — 16 K5, + 48K}, + 32K7,)
+NZ (—16K5, + 48K%,) + 64(NpL) + LE)(Np Ly + Lt — 2NpLi — 2L%)
am — = (Lo + Ly) +4L7 + 2NF(2L5 + L%) +2N2ZL}
—8[L} — 2Lg + 3o (L — 2LY)]
169
hat _Z+4N2 384N2
AdJOlnt
1
am 2 7 2Ng
b 16NF(2L7" L) + 8(2L5 — L)
M (1+N2 Ni+NF+N%>
dar Lg(12 — 12~ + 8Np) + 8L} (- 1+2NF+4N1%)
+4L5(4 + Np +2N2) + L5(12 — + 20Np)
+L75(40 — 40Np — 32N32) + LE(—20 + —16Np)
+16L%5(—1 + 3Np +2N2) + L5(40 — a0, 32Np)
eMm +————+Z§N +19N2
fm A+ 64(2Np LY b LE)(2Np Ly + Lt — ANpLE — 2L%)
g 2L5(1 — 5= + 2Np) + 417 + 2Np L5 (1 + QNF) +2L5(1 — = + Np)
—8(1 — Np) (L} — 2L%) + 4(1 — :=)(LE — 2L%)
n 1431 3.1 93NF+169N2
M 16 " 16 N2 ~ 16 Np ' 384" "1 T 384
2-colour
1 1
am T2 7 2Np
b 16NF(2L7" L’") + 8(2L§ — L)
e (1+ Nz T N NF+N%>
dar Ly(—12 — 12 + 8NF) 8LY(—1— 2NF + 4N32)
+4L5(4 — Np + 2N2) + L5(—12 — 22 4+ 20Np)
+L75(40 + 40Np — 32N2) + LL(20 + N— — 16Np)
+16L5(—1 — 3Np + 2N2) + LT( 40 — 22 + 32Np)
eM +N2+4NF NF+19N2
fm i+ 64(2Np LY + Lr)(zNFLf1 + LE — 4NpL; — 2L%)
gu —2L5(1 4+ 5= — 2Np) + 4L} — 2NpL5(1 — QNF) —2L5(1 4+ 5= — Nr)
—8(1 + Np)(Lj — 2Lg) — 4(1 + §7) (L — 2L§)
193 169 n72
hat —16 T isng T TNy msalVF e Vr
Table 3. The coefficients ayy, ..., gy appearing in the expansion of the mass.
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made finite by the following:

1 9 12
1, = (1- -5 + = — 7Ny — 3N2
MA 2( N§+NF r F)o

3
r%:_s;[(?)—N—FHN) 0+2(=1+2Np +4N7) L7 + (4 + Nr + 2N7) L}
3 r 2 2 r T
+(3— - +5Np | L+ —(2 — 2N — 3N})(2Np L} + L)
NF NF

10
+4 (=14 3Np +4N3) Lg + (10 -—+ 12NF> Lg)] :
Np

1/ 5, 5 5 67 47
rO (22 2 BN Fae
MA 4<3+N§ Np 12 FT R
@ 1 9 12 9
FMT_§<1—N—%—N—F+7NF—3NF :
3
FS\Z)T:—8[<—3—N—+2NF> 6+2(—1—2Np+4NE) L} + (4 — Np + 2N7) L
F
3 r 2 2 r r
+(—-3——+5Np | L5+ —(2+2Np —3N)(2NpL}y + Lg)
NF NF
- 10 \
+4 (-1 —3Np +4Ng) Lg + —10 = = + 12N | LY) | ,
F
1/ 5, 5 5 67 A7
TR SV SR ML U I 1
MT 4( TR IR TR TR (5.10)

This result agrees at NLO with [12] for the QCD case and [13] for the 2-colour case. It
also agrees with the masses for two and three flavours in the QCD case as calculated
in [18, 23-25]. The remaining results are new.

We perform the expansion of the physical decay constant to the same order. The decay
constant can be written as

Fonys = Fr.o + Fnro + FNnNLO - (5.11)

The lowest order is F1,o = F' and is the same for all three cases. The two higher orders
can be expanded in logarithms and analytical contributions via

A(M? M?
FNLO =F <GF% + bFﬁ) ) (512)
A(M2)2 MZA(M?) er M* gr hp
F =F oz ) T Fr '
NNLO (CF o + I dr + 1672 + 4 e+ 1672 * (1672)2

The decay constant can be calculated by computing the one-meson matrix element of the
axial current. The diagrams for the wave-function renormalization are the same as those
for the mass in figure 2 and those for the bare matrix-element are again those of figure 2
but with one external meson leg replaced by the axial current. The coefficients for the
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QCD
ap %NF
br ANpL}i + 4L
cr -4V
dp | §-(3Lp+3LY — L) + 4L} — 8L§ — AL} + Np(—4L§ — 10L% — 2L% + 8L)
+2NE(—4L] — Ly — Ly + 4Lg)
er % _ ﬁ _ 59N2
Ir —8(NpLj + LT)Q + 8(KT{y + K33) + 8Np (K3, + K5;) + 8Np K3,
gr | % (Lj + L) = 2L7 + Np(~ 2LT Lg +4LL — 8LY) + N2(—Lb + 4L}, — 8LY)
he —g; + 8N2 + 7 NE
Adjoint
aF %NF
br 8NpLli + 4L
cr —1+ 3Ny - ENE
dp Ly(—6 + 3& — 4Np) +4L7 (1 — 2Np — ANZ) — 2L5(4 + NF +2N3)
+L5(—6 + = — 10Np) — 4L5(1 — Np + N3) + 2L5(1 — - — Np)
+8NF(2NFL + LT)
er £ - N2 + 57 — 2Np — 3N
fr 4 — 8(2Np L + LE)?
gr Ly(—=1+ 5= — 2Np) — 2L7 + L5(—Np — 2Nz) + Ly(=1 + 5= — Nr)
8NZ(L} — 2L%) + ANp(LL — 2L%)
hr _%+3_2N2 372Np +256NF+ 768N2
2-colour
ap %NF
br 8NpL}i + 4L
or S A
dp L§(6 + 3= — 4Np) +4L[ (1 + 2Np — 4N}) — 2L5(4 — Np + 2NE)
+L5(6 + 7= — 10Np) — 4L5(1 + Np + N3) — 2L5(1 + 5= + Np)
+8Np(2NpL; + LL)
fr g — 8(2Np Ll + LE)?
9r Ly(1+ 5= — 2Np) — 2L} + L5(Nr — 2N}) + L(1 + = — Np)
8NZ(L} — 2L%) + ANp(LL — 2L%)
hr 6+32N2 +32NF 256NF+768N2
Table 4. The coefficients ap, ..., gr appearing in the expansion of the decay constant.

,18,




three cases are given in table 4. The subtractions needed for the QCD case have been
derived in general before in [15]. The adjoint and two-colour case can be made finite by
the following:

3 1
2 =1- “Np+ - N2
FA 1 F‘*‘4 o

i) = _4[<—3+Ni—2NF> Ly+2(1 —2Np — AN3) L} + (=4 — Np — 2N3) L}
F

3 1
+ (—3 + - 5NF> L + N—F(NF — 1)(2NpL} + LE) +8NALE + 4NFL§] :

F
1/1 1 1 53 49
M = (- — +— 2Ny — N2
Fa 8<3 N2 TNy TR
3 1
T — 14 Np+-NZ,
4 4
3
it — 4 <3+N—F—2Np> 6+2(1+2Np —4NE) L7 + (4 + Np — 2N) Lj
3 1
+ (3 + = - 5Np> Ly — ——(1+ Np)(2NpLj + L§) + 8NELE + 4NFL§] :
NF NF
1/1 1 1 53 49
TR O (N S I VA S Ne A B 5.13
F 8(3 NZ TNy T IF (513)

This result agrees at NLO with [12] for the QCD case and [13] for the 2-colour case. It also
agrees with the decay constant for two and three flavours in the QCD case as calculated
in [18, 23-25]. The remaining results are new.

The coefficient of the leading logarithm, A(M?)? is always determined but note that
the coefficient of the subleading logarithm for the vacuum expectation value depends on
LECs that can be determined from the masses.

The expansions (5.5), (5.9) and (5.12) have been written in terms of the lowest order
mass and decay constant. It is possible to reorder the series in various ways. In particular
one can rewrite the series in terms of the physical masses and decay constants instead. The
logarithms come from physical particles propagating so the form in terms of physical masses
might be preferable. There are some indications that in the case of two-flavour QCD this
leads to a better convergence, see e.g. [26]. The physical mass and decay constant expansion
is referred to there as the £ expansion. We thus rewrite (5.5), (5.9) and (5.12) as

Ophys = Oro + Onro + OnNLO 5 (5.14)
with
A(M? ) M?
Onto = Oro (ao F2phys 1 8o th}’s> 7

phys phys

A(M% )P M2 AMZ ) p

Oxnro = OLo (70 Ff hys” 4 phy}4 phys <6O + 160 2>

phys phys ™

MA 0
phys yle] O
- . 1
<<o+ 6.2 + (16772)2>> (5.15)
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We do this for O = V, M, F' for the vacuum-expectation-value, mass and decay constant.
The coefficients in the two expansions are related by

ap = ap, Bo = bo,

Yo = co + (2ar — an)ao,

do =do + (2bp — byr)ao + (2ar — apr)bo , €0 =eo +ayao,

Co = fo+ (2br —bm)bo , no = go + buao ,

0o = ho . (5.16)

These can be easily evaluated using the results in tables 2 to 4.

6 Conclusions

In this work we have calculated the vacuum expectation value, the meson mass and the
meson decay constant in effective field theory to NNLO for the three cases with a simple
underlying vector gauge groups and Np equal mass fermions in the same representation.
We discussed the complex case (QCD), real representation (Adjoint) and pseudo-real rep-
resentation (2-colour).

The three flavour cases have been calculated earlier at NNLO for the QCD case for
the mass, decay constant [21, 25] and condensate [21]. For two flavour QCD the NNLO
expressions exists for the mass and decay constants [18, 24]. For the Np flavour case the
mass, decay constant and the condensate can be found in [12] to NLO. The NNLO expres-
sions here are new. Note that the equal mass case considered here leads to considerably
simpler expressions than those of [23, 25]. We have a slightly different NLO divergence
structure for the two-colour case then [8] but agree with their explicit NLO expressions
for the mass, decay constant and vacuum expectation value. Again the NNLO expressions
here are new. The adjoint case we have extended to NLO in general and to NNLO for the
mass, decay constant and vacuum expectation value. Notice that for all three cases the
coefficient of the leading logarithm at NNLO is fully determined but that the coefficient
of the subleading logarithm at NNLO for the vacuum expectation value depends on LECs
that can be determined from the mass at NLO.

The main motivation behind this work is that these expressions should be use-
ful for extrapolations to zero mass in lattice calculations for dynamical electroweak
symmetry breaking.
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